Abstract. We consider an electron bound by some anharmonic external potential and coupled to the quantized radiation eld in the dipole approximation. We prove asymptotic completeness for the photon scattering. This means that an arbitrary initial state has a long time asymptotic, which consists of electron plus radiation eld in their coupled ground state and nitely many outgoing photons.
Introduction and main results
Rayleigh scattering refers to scattering of photons from a bound electron. In its simplest version one imagines an electron con ned by a prescribed external potential and coupled to the radiation eld. In the remote past electron and eld are in their coupled ground state and there are a few far away incoming photons. As travelling inwards these excite the atom, scatter o , and in the far future there will be some outgoing photons leaving the relaxed atom behind. As rst noted by van Kampen 1] , in the dipole approximation the joint Hamiltonian becomes quadratic provided the binding potential is harmonic, which he used then to investigate light scattering and emission. Van Kampen's observation has been made many times since and more details have been worked out. A closely related string of results deals with a scalar Bose eld in the same approximation 2]. A rm mathematical basis for these models has been provided by Arai 3, 4] . In particular, he proves the long time asymptotics of solutions and unitarity of the scattering matrix. The purpose of this contribution is to point out that asymptotic completeness can be established also for a weakly anharmonic potential. The main technical tool is an estimate for the time-dependent perturbation series by Maassen 5] developed in the context of quantum Langevin equations.
We consider a (spinless) electron, charge ?e, mass m, position q, The electromagnetic eld is quantized in the Coulomb gauge, r A = 0.
The dynamical variables are then the two transverse components of the vector potential. The one particle space is C 2 L 2 (R 3 ; 3 x) and F b is the corresponding bosonic Fock space. On F b we introduce, in momentum representation, the two component Bose eld a(k; j); a y (k; j); j = 1; 2, with commutation relations a(k; j); a y (k 0 ; j 0 )] = jj 0 (k ? k 0 (1.6) which is the transverse electric eld up to the sign. !(k) = jkj is the dispersion relation of the photon eld. (We set c = 1 =~.) The Hamiltonian of the photon eld reads
Let be the charge distribution of the electron. We assume (C) is a real, rotation invariant, and smooth function of compact support, The condition (P 2) ensures the existence of a ground state for H. The uniqueness comes from a Perron-Frobenius Theorem for e ?tH . In fact, in our context it is also a by-product of the scattering theory. Proposition 1.1. Let the charge distribution satisfy (C) and the potential V the condition (P 2). Then H has a unique ground state 2 F,
(1.14)
Remark: (P 2) means thatṼ is strictly convex. This is a technical assumption which allows us to use the Brascamp-Lieb inequality 7]. We refer to Section 4 for a discussion. (ii) In standard scattering theory one would take strong limits to conclude the validity of (1.18) for all of F c . Since J is unbounded, such a procedure fails here and the restriction to the dense subspace F c seems to be intrinsic to the problem.
(iii) The photon dispersion !(k) = jkj, implying constant speed, is crucial for the proof, since it ensures exponential decay of h. Massive photons, !(k) = (M 2 + k 2 ) 1=2 , would yield only a power law decay of h which is too weak for controlling the Dyson series. In the recent years there has been a revived and considerable e ort to analyze the nonrelativistic quantum mechanics of atoms coupled to their radiation eld. One approach is to extend the method of complex dilations, so successful for atomic resonances 8] , to the present problem. Complex dilations have been applied to the case of a massive Bose eld 9, 10] and to an atom in the N-level approximation coupled to the radiation eld at nonzero temperature 11, 12] . The strongest results so far are 13], who cover the general Pauli-Fierz Hamiltonian. A complimentary attack is to cut-o the number of photons, say less than N, and to exploit then the similarity to standard N-body Schr Here I just remark that at least for a certain class of binding potentials and in the dipole approximation asymptotic completeness can be proved fairly directly. No cut-o is introduced, except for a smeared charge distribution providing an ultraviolet cut-o .
To outline the remainder of the paper: In Section 2 we introduce the Weyl operators and their time evolution through H 0 as given by the classical equations of motion. In Section 3 we explain the estimate of Maassen applied to H 0 and deduce from it in Section 5 the unitary equivalence and asymptotic completeness. The existence of a ground state for H is proved in Section 4.
Harmonic potential
We rst have to set up H 0 as a quasifree system. The perturbation V will be added in the following section.
It is convenient to think of H e F b as a Fock space over the one-particle space H 1 = C 3 (C 2 L 2 (R 3 ; 3 x)); H F = F(H 1 ) = F. The scalar product of H 1 is denoted by ( ; ). The position eld is then (q; A(x)) and the conjugate momentum eld (p; ?E(x)) with r A(x) = 0 = ?r E(x). The Bose elds are a(k; j); a y (k; j) as before, augmented by a = (m! 0 =2) 1=2 
The ow generated by (2.5) is denoted by T t and its transpose with respect to the at scalar product ( ; ) by T + t . Clearly, T t preserves transversality, k Â (k; t) = 0 = k Ê (k; t), and realness,Â(k; t) =Â(?k; t);Ê(k; t) =Ê(?k; t).
The ow T t will be discussed in more detail in Appendix A. Here we only record that T + t leaves E ?1 E 1 invariant and has scattering in the following sense. The ground state for a particle coupled either to a scalar Bose or to the radiation eld has been studied in the remarkable thesis of J. Fr ohlich 18, 19] . He considers zero external potential and a translation invariant coupling. In 13] his functional analytic techniques are applied to the case of a binding potential in the dipole approximation. This theorem does not quite cover the hamiltonian H. In our proof we will employ the method of functional integrals, which in the present context was used before to handle the (right-left) symmetry breaking associated with ground states having an in nite number of bosons 20, 21]. Our result is far from optimal -just not to spend too much e ort on a side issue. But the ground state problem deserves more serious attention. I conjecture that whenever the bare electron (e = 0) has a ground state, necessarily unique, so does the coupled system at any coupling strength.
We (4.13) which is a Gaussian measure for which a bound uniform in t is checked by an explicit computation 2.
In 13] the linear function q in the interaction term ofH is replaced by some bounded function, g(q). Going through the same steps in the proof we end up with the expectation of g(q(s)) 2 in (4.10), which is then bounded by assumption. For bounded g our argument easily extends to a much larger class of binding potentials.
Scattering and asymptotic completeness
It remains to transfer the limits (3.4),(3.7) to unitary equivalence and asymptotic completeness. We start with the rst item. where we used that is a -automorphism in third and Lemma 5.1 in the fth identity. The proof for U follows the same steps. In the fth identity we use then Lemma 5.3. 2
By continuity U 0 ; U extend to isometries on F. 
